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Abstract. This paper proposes an approach to fuzzy modeling of Anti-lock
Braking Systems (ABSs). The local state-space models are derived by the linearization of the nonlinear ABS process model at ten operating points. The Takagi-Sugeno (T-S) fuzzy models are obtained by the modal equivalence principle, where the local state-space models are the rule consequents. The optimization problems are defined in order to minimize the objective functions expressed as the squared modeling errors, and the variables of these functions are
a part of the parameters of input membership functions. Simulated Annealing
algorithms are implemented to solve the optimization problems and to obtain
optimal T-S fuzzy models. Real-time experimental results are included to validate the new optimal T-S fuzzy models for an ABS laboratory equipment.
Keywords: Anti-lock Braking Systems, optimization, real-time experiments,
simulated annealing, Takagi-Sugeno fuzzy models.
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Introduction

The development of fuzzy models for Anti-lock Braking Systems (ABSs) is a challenging problem because of the importance of these safety subsystems in modern cars
and of their nonlinearities. Several approaches to fuzzy modeling of ABSs are given
in the literature with the aim of slip control. An approach to ABS process identification and robust adaptive control connected to an active suspension system by hierarchical T-S fuzzy-neural models is discussed in [1]. A T-S fuzzy model of deceleration
based on analyzing the braking process and dynamic model of vehicle and wheel is
proposed in [2]. A quarter vehicle braking model with four-degrees of freedom subject to irregular excitation from a road surface is offered in [3] and applied to ABS
fuzzy control. Two discrete-time dynamic Takagi-Sugeno (T-S) fuzzy models of ABS
processes are suggested in [4] using the computation of the minimum and maximum
values of input variables and the local linearization at several operating points. Com-

binations of fuzzy models applied to intelligent ABS controllers based on fuzzy control, neural networks and sliding mode control are given in [5–8].
This paper offers a simple approach to fuzzy modeling of ABSs. Our approach
starts with the derivation of an initial discrete-time T-S fuzzy model of the process by
the modal equivalence principle; this fuzzy model is characterized by a set of local
linearized state-space models of the process which are placed in the rule consequents.
A part of the parameters of input membership functions (m.f.s) is optimized by a
Simulated Annealing (SA) algorithm in order to solve the optimization problems
which aim the minimization of the sum of squared modeling errors expressed as difference between the process output (the wheel slip) and the T-S fuzzy model output.
The reason to select the SA algorithm is, as shown in [9] for the optimal tuning of
fuzzy controllers, its ability to deal with non-convex objective functions (o.f.s).
Our approach is different to the approaches presented in the literature because it
starts with the first-principle mathematical model of the process and it offers a strong
advantage by the verification of the performance of the optimal T-S fuzzy model in
terms of real-time experiments on the ABS laboratory equipment. Although our approach cannot guarantee that the global minimum of o.f. is reached, this paper shows
that a serious decrease of o.f. is exhibited, clearly indicating the performance improvement offered by our T-S fuzzy model.
The paper treats the following topics. Section 2 is dedicated to the mathematical
modeling of the process and to the design of discrete-time dynamic T-S fuzzy models
with focus on an ABS laboratory equipment. The main aspects concerning the implementation of our SA algorithm are discussed in Section 3. Real-time experimental
results are given in Section 4 to validate the new optimal T-S fuzzy models. The conclusions are highlighted in Section 5.

2

ABS Process Models

The nonlinear state-space model of the ABS laboratory equipment [10] is derived
starting with the first-principle equations [10, 11]
J 1 x&1 = Fn r1 μ (λ ) − d1 x1 − M 10 − M 1 ,
J 2 x& 2 = − Fn r2 μ (λ ) − d 2 x 2 − M 20 ,

(1)

where λ is the longitudinal slip (the wheel slip), J1 and J 2 are the inertia moments of
wheels, x1 and x2 are the angular velocities, d1 and d 2 are the friction coefficients in
wheels’ axes, M 10 and M 20 are the static friction torques that oppose the normal rotation, M 1 is the brake torque, r1 and r2 are the radii of wheels, Fn is the normal force
that the upper wheel pushes upon the lower wheel, μ (λ ) is the friction coefficient,
and x&1 and x& 2 are the angular accelerations of wheels. The identification by measurements and experiments leads to the parameter values [11]:

r1 = r2 = 0.99 m, Fn = 58.214 N, J 1 = 7.53 ⋅ 10−3 kg m 2 , J 2 = 25.6 ⋅ 10−3 kg m 2 ,
d1 = 1.1874 ⋅ 10−4 kg m 2 /s, d 2 = 2.1468 ⋅ 10 −4 kg m 2 /s, M 10 = 0.0032 N m,

(2)

M 20 = 0.0925 N m .

The wheel slip and the nonlinear factor S (λ ) are expressed as

λ = (r2 x2 − r1 x1 ) /(r2 x2 ), x2 ≠ 0, S (λ ) = μ (λ ) /{L[sin ϕ − μ (λ ) cosϕ ]} ,

(3)

where L = 0.37 m is arm’s length which fixes the upper wheel, and ϕ = 65.61o is the
angle between the normal direction in wheels’ contact point and L’s direction.
The nonlinear state-space equations of the process are
x&1 = S (λ )(c11 x1 + c12 ) + c13 x1 + c14 + (c15 S (λ ) + c16 ) s1 M 1 ,
x& 2 = S (λ )(c21 x1 + c 22 ) + c 23 x 2 + c 24 + c 25 S (λ ) s1 M 1 ,
M& = c (b(u ) − M ),
1

31

(4)
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where u is the control signal applied to the DC motor which drives the upper wheel
and the nonlinear model of the actuator is highlighted in the third equation. The expressions of the parameters in (4) are [11]
c11 = r1d1 / J 1 , c12 = ( M 10 + M g )r1 / J 1 , c13 = −d1 / J 1 , c14 = − M 10 / J 1 ,
c15 = r1 / J 1 , c16 = −1 / J 1 , c21 = − r2 d1 / J 2 , c22 = −( M 10 + M g )r2 / J 2 ,

(5)

c23 = − d 2 / J 2 , c24 = − M 20 / J 2 , c25 = − r2 / J 2 .

The introduction of λ as controlled output in the model (4) is done by the substitution of x1 from (3). The state-space equations of ABS process are

λ& = Z1 (λ , x2 )λ + Z 3 (λ , x2 ) M 1 + Z 20 (λ , x2 ),
x&2 = Z 40 (λ ) x2 + Z 5 (λ2 ) M 1 + Z 6 (λ ),

(6)

M& 1 = c31 (b(u ) − M 1 ),

they point out the state vector x:
x = [λ

x2

M 1 ]T ,

(7)

where T indicates the matrix transposition, and the variables are defined in [4, 11].
The steps of our modeling approach are:
• the definition of m.f.s of the input variables λ , x2 and M 1 ,
• the derivation of an initial T-S fuzzy model of the process, with the state variables
λ , x2 and M 1 as input variables, and the discrete-time state-space process models
with the matrices A d ,i , B d ,i , Cd ,i and D d ,i , i = 1...10 , in the rule consequents,
• the definition of the optimization problem where the vector variable of the o.f.
consists of a part of the parameters of input m.f.s,

• the application of SA algorithm to obtain the optimal input m.f. parameters which
lead to the optimal T-S fuzzy model.
The derivation of the initial T-S fuzzy model starts with the setting of the largest
domains of variation of the three state variables in all ABS operating regimes [4, 11]:
0.1 ≤ λ ≤ 1, 20 ≤ x2 ≤ 178, 0 ≤ M 1 ≤ 10 .

(8)

The fuzzification in the T-S fuzzy is done using the linguistic terms assigned to the
input variables and defined as follows. The first input variable, λ , uses five linguistic
terms, LTλ , j , j = 1...5 , with the triangular m.f.s

μ LTλ : [0,0.2] → [0,1], μ LTλ : [0.1,0.4] → [0,1], μ LTλ : [0.2,0.8] → [0,1],
,1

,2

,3

μTLλ : [0.4,1] → [0,1], μ LTλ : [0.8,1.1] → [0,1],
,4

,5

0,
⎧
⎪
⎪1 + ( x − bλ , j ) /(bλ , j − aλ , j ),
μ LTλ , j ( x) = ⎨
⎪1 − ( x − bλ , j ) /(cλ , j − bλ , j ),
⎪
0,
⎩
aλ , j < bλ , j < cλ , j , j = 1...5.

x < aλ , j ,

(9)

x ∈ aλ , j ≤ x < bλ , j ,
x ∈ bλ , j ≤ x < cλ , j ,
x ≥ cλ , j ,

The parameters aλ , j , j = 1...5 , and cλ , j , j = 1...5 , are variable and they belong to the
vector variable ρ of o.f., and the parameters bλ , j , j = 1...5 , which stand for the modal
values of m.f.s, are fixed: bλ ,1 = 0.1 , bλ , 2 = 0.2 , bλ ,3 = 0.4 , bλ , 4 = 0.8 and bλ ,5 = 1 . The
second input variable, x2 , uses two linguistic terms, LTx , j , j = 1...2 , with the triangu2

lar m.f.s of type (9), μ LT : [0,150] → [0,1] and μ LT : [50,180] → [0,1] . The paramex 2 ,1
x2 , 2
ters a x , j , j = 1...2 , and c x , j , j = 1...2 , are variable and they belong to ρ , and the pa2
2
rameters bx , j , j = 1...2 , are fixed: bx ,1 = 50 and bx , 2 = 150 . The third input variable,
2

2

2

M 1 , uses one linguistic term, LTM1 ,1 , with the triangular m.f. of type (9),

μ LT

M 1 ,1

: [0,11] → [0,1] . The parameters aM 1 ,1 and cM 1 ,1 are and they belong to ρ , and the

parameter bM ,1 is fixed: bM ,1 = 10 . Other m.f. shapes can be used in different indus1
1
trial applications [12–17].
The complete rule base of the discrete-time dynamic T-S fuzzy model of the process consists of the rules R i , i = 1...10 , expressed as:
⎧x k +1 = A d ,1x k + B d ,1uk ,
R1 : IF λ IS LTλ ,1 AND x 2 IS LTx2 ,1 AND M1 IS LTM1 ,1 THEN⎨
yk ,m = Cd ,1x k ,
⎩
...
⎧x k +1 = A d ,10 x k + B d ,10uk ,
R10 : IF λ IS LTλ ,5 AND x 2 IS LTx2 , 2 AND M1 IS LTM1 ,1 THEN⎨
yk ,m = Cd ,10 x k ,
⎩

(10)

where the discrete-time state-space models in the rule consequents are obtained by the
discretization of the continuous-time state-space linearized models at ten operating
points. The state-space model matrices in the rule consequents of R1 and R10 are
⎡ 0.9441 − 0.0025 0.0194 ⎤
⎡ 0.0021 ⎤
A d ,1 = ⎢⎢− 1.0335 1.0012 − 0.0601⎥⎥, B d ,1 = ⎢⎢− 0.0059⎥⎥, C d ,1 = [1 0 0],
⎢⎣ 0.1843 ⎦⎥
0
0.8157 ⎦⎥
⎣⎢ 0
⎡ 1.0041 − 0.0003 0.0069 ⎤
⎡ 0.0007 ⎤
A d ,10 = ⎢⎢− 0.3192
1
− 0.0519⎥⎥, B d ,10 = ⎢⎢− 0.0054⎥⎥, C d ,10 = [1 0 0].
⎢⎣
⎢⎣ 0.1843 ⎥⎦
0
0
0.8157 ⎥⎦

(11)

The modal equivalence principle is applied to obtain the initial fuzzy model (10)
with the rule consequent parameters given in (11) as the coordinates of the operating
points are represented by the modal values of input m.f.s. The sampling period
Ts = 0.01 s is used in this context, and k in (10) indicates the number of current sampling interval. The SUM and PROD operators are used in the inference engine, and
the weighted average method is employed for defuzzification. Different operators and
defuzzification lead to modified nonlinear input-output model maps [18–21].
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Simulated Annealing Algorithm

SA is applied to solve the optimization problem
ρ* = arg min J (ρ) ,

(12)

ρ∈D

where the parameter vector of the fuzzy model (the vector variable of o.f.) is
ρ = [ aλ ,1 cλ ,1

aλ , 2

a x2 ,1 c x2 ,1

cλ , 2

a x2 , 2

c x2 , 2

aλ , 3

cλ ,3

aλ , 4

cλ , 4

aλ , 5

cλ , 5

T

(13)

aM1 ,1 cM1 ,1 ] ,

J (ρ) is the o.f. defined as

J (ρ) =

1
N

N

∑(y
k =1

k

(ρ) − yk ,m (ρ)) 2 =

1
N

N

∑ (e
k =1

k ,m

(ρ)) 2 ,

(14)

ρ * is the optimal parameter vector of the fuzzy model and the solution to the optimization problem (12), yk (ρ) = λk (ρ) is the process output at kth sampling interval,
yk ,m (ρ) is the fuzzy model output, ek ,m (ρ) = y k (ρ) − y k ,m (ρ) is the modeling error, N is

the length of the time horizon, and D is the feasible domain of (12).
The SA algorithm is adapted from the general SA algorithms proposed in [22, 23]
and from the SA suggested in [9] and applied to the optimal tuning of fuzzy controller
parameters. The steps of our SA algorithm are

• Step 1. Set μ = 0 , where μ is the iteration number, sr max and rr max (the maximum
success and rejection rates defined in [24]) with the initial values sr = 0 and rr = 0 ,
and the minimum temperature θmin . Choose the initial temperature θ 0 .
• Step 2. Generate a random initial solution ϕ and compute its fitness value C (ϕ ) ,
where C is the fitness function.
• Step 3. Generate a probable solution ψ by disturbing ϕ , and evaluate the fitness
value C (ψ ) .
• Step 4. Compute the difference
ΔCϕψ = C (ϕ ) − C (ψ ) .

(15)

If ΔCϕψ ≤ 0 , then accept ψ as the new solution. Otherwise, set the random parameter qn , 0 ≤ qn ≤ 1 , and compute the probability of ψ to be the next solution:
1
if ΔCϕψ > 0,
⎧
pψ = ⎨
⎩exp(ΔCϕψ / θ ) otherwise.

(16)

If pψ > qn , then ψ is the new solution.
• Step 5. If the new solution is accepted, then update the new solution and C, increment sr and set rr = 0 , where rr is the rejection rate. Otherwise, increment rr . If rr
has reached its maximum value, rr max , the algorithm is stopped; otherwise, continue with step 6.
• Step 6. Increment sr . If sr has reached its maximum value sr max , go to step 7; otherwise increment μ . If μ has reached its maximum value μ max , go to step 7; otherwise, go to step 2.
• Step 7. Alleviate the temperature according to the temperature decrement rule

θ μ +1 = α csθ μ , α cs = const, α cs < 1, α cs ≈ 1 .

(17)

• Step 8. If θ μ > θ min then go to step 3, otherwise the algorithm is stopped indicating
that it has reached the solution ψ .
This SA algorithm is mapped onto (12) by means of the following relations between
the fitness and objective functions and between the parameter vectors:
J (ρ) = C ( ψ ), J (ρ) = C (ϕ ), ρ = ψ , ρ = ϕ .
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(18)

Experimental Results

A part of the results and implementation details of our modeling approach are presented as follows. The values of rr max and of sr max were set to rr max = 100 and

sr max = 50 . The initial temperature was chosen as θ 0 = 1 . The SA algorithm has
stopped after 84 iterations, when the temperature value was θ 84 = 0.090235 . The ini-

tial solution is [11]:
ρ = [0 0.2 0.1 0.4 0.2 0.8 0.4 1 0.8 1.1
0 150 50 180 0 11]T ,

(19)

and the final solution is:
ρ* = ψ = [0.008615 0.1614 0.09901 0.4067 0.2295 0.8471 0.4019 0.9578 (20)
0.847 1.12 0.02202 169 59.85 180.5 − 0.3227 11.04]T .

The control signal u has been generated in order to cover different ranges of magnitudes. The evolution of the control signal versus time is presented in Fig. 1. Fig. 1
gives a total set of 35000 input-output data points which are separated in the training
data and the validation data set for cross-validation and to assess the performance of
the T-S fuzzy models. The first N = 10000 data points (corresponding to the time
frame from 0 s to 100 s) which result from Fig. 1 are the training data set. The rest of
N = 25000 data points (corresponding to the time frame from 100 s to 350 s) which
result from Fig. 1 are the validation data set.

Fig. 1. Control signal u versus time, applied to real-world process and T-S fuzzy model.

The experimental results are presented in Fig. 2 and in Fig. 3 as the outputs of the
real-world process (the ABS laboratory equipment), of the T-S fuzzy model before
the application of the SA algorithm and of the T-S fuzzy model after the application
of the SA algorithm. Fig. 2 and Fig. 3 clearly show that the performance of the T-S
fuzzy model is strongly improved by the application of our SA algorithm from the
point of view the modeling errors. The modeling errors are seriously alleviated in
both training and validation data sets.

Fig. 2. Real-time experimental results: wheel slip λ versus time for initial T-S fuzzy model and
for real-world process.

Fig. 3. Real-time experimental results: wheel slip λ versus time for T-S fuzzy model after
optimization by SA algorithm and for real-world process.

Fig. 4 shows that the solution to the optimization problem (12) obtained by our SA
algorithm ensures a strong decrease of the o.f. The results presented in Fig. 4 correspond to the testing data set. Although the minimum of o.f. cannot be guaranteed, Fig.
4 points out that the improvement can continue by a larger number of iterations.
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Conclusions

This paper has proposed an approach to obtain discrete-time T-S fuzzy models dedicated to ABSs. The models result by the application of an SA algorithm which ensures the optimal computation of the parameters of T-S fuzzy models initially obtained by the modal equivalence principle.
Our approach is important because it is relatively simple, it produces models which
can be implemented easily, and it can be generalized to a wide category of industrial
applications. The limitation of our approach is represented by the random generation
of the initial solution in the SA algorithm. However, the results are presented for the

best five runs of the SA algorithm, and they convincingly show the performance improvement of the T-S fuzzy model obtained for an ABS laboratory equipment.

Fig. 4. Objective function J versus iteration number μ for validation data set.

Future research will deal with the extension of the SA algorithm to the modeling of
multi input-multi output nonlinear systems. The inclusion of o.f. gradients in other
evolutionary-based algorithms [12–17, 24], the data-driven computation of gradients
and the correlation analysis will be considered.
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